We explore the role of weighted functional Stolarsky means in providing bounds in generalised Hadamard-type inequalities for ^-convex functions. Refinements are given for Levinson's inequality and the generalised Hadamard inequality. Applications are made to multivariate weighted functional Stolarsky means.
INTRODUCTION AND PRELIMINARIES
Weighted functional Stolarsky means have turned out to be a powerful unifying concept, subsuming a variety of classes of means appearing in the earlier literature. They have also a role as bounds in generalised Hadamard-type inequalities that apply to g -convex and g -concave functions. In this paper we explore and develop these interrelated motifs, connecting and generalising a number of results in the literature.
To introduce the concepts used in the paper, first let 
(u-G)d f i(u)\, where G = (g(xi),... ,g(x n )).
To guarantee that the operations involved are all well-defined, this definition presupposes that the functions / and g are continuous and strictly monotone, an assumption that will be implicit in the remainder of this section and in Sections 2 and 5. In some situations (as here), / and g will be taken to act on J, in others on the range of a further function h (which we shall also assume to be continuous) defined on J or an interval [a, b] 
Weighted functional Stolarsky means subsume a number of classes of means studied in the literature. Thus for g(t) -t, the mean mf i9 simplifies to the functional mean discussed in [3] and [12] . Again, for r G R define e r : J -> R by e r (t) identric mean considered in [13] . When n = 2 and /* is Lebesgue measure, (1.3) becomes the unweighted (that is, uniformly weighted) Stolarsky mean E r>a (x,y) (see [9, 14] )-Finally we introduce g-convexity, the subject of Section 2. Here it is convenient to deviate from our convention elsewhere and take x to be a real number rather than an n -tuple. The following definition appears in [9] . DEFINITION 
1.1: Suppose h : [a,b] -> R and that g is defined on the range of h.
The function h is said to be g -convex if the inequality
The function h is said to be g-concave if the reverse inequality holds.
We shall make use of the following useful property of g -convexity. The paper is organised as follows. Inequalities of Hadamard type for g-convex functions are derived in Section 2. Some results of this section provide generalisations of those established in [8] . Section 3 deals with a refinement of Levinson's inequality. The main result of this section can be regarded as an inequality of Hadamard type. Two refinements of the generalised Hadamard inequality (1.1), with the probability measure being Dirichlet measure, are derived in Section 4. In Section 5 we give two inequalities for the weighted functional Stolarsky means generated by Dirichlet measure. 
INEQUALITIES FORP-CONVEX FUNCTIONS
This section deals with inequalities of Hadamard type for g -convex functions, providing generalisations and improvements of results derived in [8] and [15] . We shall make use of weighted functional Stolarsky means with n = 2. For facile interplay between these means and g -convexity, it is convenient to make a change of variable so that instead of \i acting on E\ we have a probability measure p acting on an interval [a, b] . We may recast the definition of a bivariate weighted Stolarsky mean as follows.
Throughout this section 0(t) := (t -a)/(b -a) and
a:= f 9(t) dp(t). 
THEOREM 2 . Suppose that h is defined on [a, b] and let f be defined on the range of h. We define K :
[0,1] -• R by (2.1) K(t) := r 1 1^ / o ff" 1 (9(x)g o h{tb + (1 -t)x) + (l-6(x))goh(ta+(l-t)x)^dp(x)\ .
Then If h is g-convex, then K(-) is monotone nondecreasing on
Since / is strictly monotone, the operator f~l f / a f(-)dp(x) I is monotone nondecreas-
ing. Applying this yields K(s) ^ K(t).
The proof with g -concavity is similar. D
COROLLARY 2 . 3 . Let h be defined on [a,b] and f defined on the range of h. If h is g -convex, then f o MO Mt)\ ^ rn ftg (h(a), h(b); p) . The inequality is reversed if h is g -concave.
This result was established in [8] ]dp(t)
which gives the second inequality in (2.1) and its reverse. For the first inequality, assume / o </ -1 is convex (respectively concave). By Jensen's discrete inequality,
which gives the desired result. D Corollary 2.3 and Theorem 2.4 can be used to obtain the following generalisation of [8, Theorem 3.3] . THEOREM 
. 5 . Let h : [a, b] -¥ R be continuous and f defined on the range of h. If h is g-convex and either (i) or (ii) of Theorem 2.4 applies, then
< g- l {ag o h(b) + (1 -a)g o h(a)}.
Both inequalities are reversed if h is g-concave and either (iii) or (iv) of Theorem 2.4 applies. Moreover, if h is g-convex and either (iii) or (iv) of Theorem 2.4 applies, then Both inequalities are reversed if h is g -concave and either (i) or (ii) of Theorem 2.4 applies.
PROOF: The first inequality in each displayed relation comes from Corollary 2. We can readily show that the right-hand side of (2.3) is the same as that of (1.4) when g -e r , so that h is g -convex for g = e r . Similarly a positive r -concave function, for which the inequality (2.3) is reversed, is ^-concave for g = e r . 
Now choose p = 6 and f = e p for p G R. With elementary algebra we derive (2.4) K(t) = M p (m T (ho A(b, -,t),ho A(a,
•
K(0) = M p {h) and K(l) = E r+p , r (h(a),h(b)).

If h is r -convex, then K is monotone increasing on [0,1]. If h is r -concave, K is monotone decreasing on
E. Neuman, C.E.M. Pearce, J. Pecaric and V. Simid [8] 
If f'"(t) > 0, the inequalities become equalities if and only if x\ = • • • = x n .
This result may be usefully viewed in terms of 3-convexity. We remark that the notion of n-convexity here is different from that of the previous section. This inequality has been established in [13] . With the choice 
JEn-l
Dirichlet averages are useful in the theory of special functions (see [2] ). We list below some basic properties. For the second inequality in (4.4), we utilise the convexity of F(b;w) in its variables to obtain
Integrating both sides of the last inequality against the Dirichlet measure fid and using (4.6), we arrive at 
INEQUALITIES FOR FUNCTIONAL STOLARSKY MEANS
Several inequalities for weighted functional Stolarsky means have been obtained in [8, 9, 10] . In this section we utilise the results of Section 4 to derive two inequalities involving these means. We deal with the Stolarsky means defined in (1. 
